T-STRUCTURES ON THE DERIVED CATEGORIES OF HOLONOMIC 
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Dedicated to Boris Feigin on his fiftieth birthday 

Abstract. We give the description of the i-structure on the derived category of regular 
holonomic ^-modules corresponding to the trivial ^-structure on the derived category of 
constructible sheaves via Riemann-Hilbert correspondence. We give also the condition 
for a decreasing sequence of families of supports to give a t-structure on the derived 
category of coherent £?-niodules. 



1. INTRODUCTION 

It was one of the motivations of the introduction of the notions of t-structures and per- 
verse sheaves by A. Beihnson, J. Bernstein, P. Dehgne and O. Gabber ([1]) to ask what are 
the objects corresponding to regular holonomic ^x-niodules by the Riemann-Hilbert cor- 
respondence ([4]) Re^om^^(— , &x)'- D[?ij(^x)— -^Dc(Cx)°^- Here X is a complex man- 
ifold, DJ?(Cx)°^ is the opposite category of the derived category D^(Cx) of bounded 
complexes of sheaves on X with constructible cohomologies, and 'D\{^x) is the derived 
category of bounded complexes of ^x-J^odules with regular holonomic cohomologies. 
With the notion of t-structures, the answer is: the t-structure of the middle perversity on 
DJ?(Cx) corresponds to the trivial t-structure on Dj?j^(^x)- 

The purpose of this paper is to answer the converse question: what is the t-structure 
on D|?^(^x) corresponding to the trivial t-structure on Dj?(Cx)- In fact, this t-structure 
can be extended to a t-structure on the derived category Dq^(^x) of bounded complexes 
of ^x-niodules with quasi-coherent cohomologies. In this paper, we treat an algebraic 
case, i.e. when X is a smooth algebraic variety. In this case, the corresponding t-structure 
(®DJ0(^^), ®D|0(^^)) is given as follows. 

®Dj°(^x) = e D5,(^x) ; codimSupp(i/"(^)) ^ n for every n ^ O} , 
&T)^^(<^ \ = } ^\S° \- '^z{^^ — for any closed subset Z and 1 

Similar results hold for a complex analytic manifold X. 

More general results are given in this paper. For a left Noetherian ^x-ring £^ quasi- 
coherent over ffx and a decreasing sequence of families of supports $ = {^"jngz, the 
pair 

*Dj°(i^) : = [M e D5,(i/) ; Supp(i7'=(M)) C for any k] , 
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*Dg'(^) : = {M e D5,(^) ; J^i^M) = if < n} 

gives a t-structure on D^^{^) (Theorem 3.5). This construction is similar to the one of 
the perverse sheaves. The t-structure (®D^^°(^x), ®Dqc°(^x)) corresponds to the case 
where ^ — and ^ — @, where ©'^ is the family of supports consisting of closed 
subsets with codimension ^ k. 

However, this t-structure docs not always induce a t-structure on D^^^{^x), the derived 
category of complexes of ^x-modules with coherent cohomologies. We give the necessary 
and sufficient condition for $ to give a ^-structure on D^^^{i^x) (Theorem 5.9). ^ This 
condition resembles the one for perversity. 

The paper is organized as follows. In §2, wc briefly review the notion of t-structures. 

In §3, we introduce the t-structure (*D^°(^), *D^°(^)) on the triangulated category 
Dqc(-^)) ^-nd studies its properties. 

In §4, we study the t-structure on the derived category D^^^^{i^x) which corresponds to 
the standard ^-structure on D^^^^(^x) by the duality functor R Jfbm^^(— , ^x)- We also 
give the relation between this t-structure and flatness (Proposition 4.6). 

In §5, we give the condition for a decreasing sequence of families of supports to give a 
t-structure on D^^^{ffx) (Theorem 5.9). This is a generalization of [6, Exercise X.2]. 

In §6, we study the ^-structure on D^^(^x)- 

In the last section, we give a proof of the stability of injectivity under filtrant inductive 
limits (Lemma 3.1). 

While writing this paper, the author received the preprint [8] by A. Yekutieli and James 
J. Zhang, where they proposed similar t-structures. 

2. T- STRUCTURE 

In this section, we recall the notion of ^-structures. For details, see [1, 6]. Let D be a tri- 
angulated category. Let and be full subcategories of D. We set D^" : = D^°[— n] 
and D5=" : = D^°[-n]. We also use the notations: D<" : = D^"-^ and D>" : = D^"+^ The 
pair (D^'', D^°) is called a t-structure on D if it satisfies the following conditions: 

(2.1a) D<° C D^o and D>o C D^°, 

(2.1b) Homo {X, y) = for X e D<° and Y e D^°, 

(2 Ic) X e D, there exists a distinguished triangle X' — > X — > X" 

with X' e D<° and X" e D^°. 
Then one has 

(2 Id) ^ distinguished triangle X' ^ X — > X" if X' and X" belong 

to (resp. D^°), then so does X. 

Note that the t-structure is a self-dual notion: if (D^°, D^°) is a t-structure on a trian- 
gulated category D, then ((D^°)°p, (D^'')°p) is a t-structure on the opposite triangulated 
category 0°^. 



^After writing this paper, the author was informed the existence of the paper "Perverse 
coherent sheaves {after Deligne)" , math. AG/0005152 by Roman Bezrukavnikov, in which 
it is proved in a more general setting that the condition for $ to give a t-structure on 
Dcoh(^-x) is sufficient. 
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In the paper, we use the following results. 

Lemma 2.1. Let T) be a triangulated category, and assume that (D^°,D^°) satisfies 

(2. Id). Let Ml — > M — >• M2 be a distinguished triangle. If one of the following 
conditions (i) and (ii) is satisfied, then there exists a distinguished triangle M' — > M — > 

M" ^ with M' e D<o and M" e D^^ 

(i) Ml e D^'^ and there exists a distinguished triangle M2 — > M2 — > M'^ with 
M^ e D<° and M^ e D^°. 

(ii) M2 G D^*^ and there exists a distinguished triangle M[ — > Mi — > M" with 
M'l e D<o and M'l e D^°. 

Proof. Assume the condition (i). By the octahedral axiom, 



M' 




M2 



one has distinguished triangles Mi ^ M' ^ M'^ and M' ^ M ^ M'^ Hence 
M' e D<° by (2. Id). 

The condition (ii) is the dual form of (i). □ 
The following lemma is almost obvious. 

Lemma 2.2. Let F: D — > D' 6e an equivalence of triangulated categories. Let (D^°, D^°) 

be a t-structure on D, and let (D'^'^jD'^^) be a pair of full subcategories ofT)' satisfying 
(2.1a) and (2.1b). If F sends D^^ to D'^o and D^o to D'^°, then (D'^°,D'^°) is a 
t-structure on D'. 

Let D' be another triangulated category, and let (D^'', D^°) and (D'^°, D'^*^) be a 
t-structure on D and D', respectively. A functor F: D — > D' of triangulated categories 
is called left exact ii F sends D^'^ to D'^°. It is called right exact ii it sends to D'^'^. 
It is called exact if it is left exact and right exact. 



3. T-STRUCTURES ON A NOETHERIAN SCHEME 

Let X be a finite-dimensional Noetherian separated scheme. Let ^ be an ^x-ring, i.e. 
a (not necessarily commutative) ring on X with a ring morphism 0'x ■ We assume 
that £^ is quasi-coherent as a left ^x-module, and that is left Noetherian (e.g. see 
[5, Definition A. 7]). Under the first assumption, the second is equivalent to saying that 
£^ (U) is a left Noetherian ring for any affine open subset U. 
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Let Mod(^) be the category of (left) -cZ-modules, and Modqc(^) (resp. Modcoh('5^)) its 
full subcategory of quasi-coherent (resp. coherent) ^/-modules. Note that an =e/-module 
is quasi-coherent over if and only if it is quasi-coherent over &x- 

One has the following lemma whose proof is given in the last section 7. 

Lemma 3.1. Any filtrant inductive limit of injective objects o/Mod(^) is injective. 

Let D(^) be the derived category of Mod{^), and let D^(^) be the full subcategory of 
D(jy) consisting of objects with bounded cohomologies. Let Dq^(£/) (resp. DJ?qj^(£/)) be 
the full subcategory of D^(=e/) consisting of objects with quasi-coherent (resp. coherent) 
cohomologies. We define 

D^"(i:/) : = {M G D^{£/) ; H^{M) = for A; > n} , 

D^"(^/) : = {M G Vi^{£^) ; H^{M) = for A; < n} 

and similarly D|"(^), D^J^^), etc. We call the t-structure (D^°(^), D^°(^)) the 
standard t-structure. Let us denote by r^": D'^(^) — >• D^'^(=e/) and r^*^: D'^(^) 
D^"^(^/) the truncation functors with respect to the standard ^-structure. 
In this section, we shall give ^-structures on D^(=e/) and Dqj.(=e/). 

In this paper, a family of supports means a set $ of closed subsets of X satisfying the 
following conditions: 

(i) If Z G $ and Z' is a closed subset of Z, then Z' G 

(ii) For Z, Z' G the union Z U Z' belongs to 

(iii) $ contains the empty set. 

Then the set of families of supports has the structure of an ordered set by inclusion. 
The join of famihes of supports $i and $2 is as follows: 

. _ Z is a closed subset such that Z <Z Z^VJ Z2 
' for some Zi G $1 and some Z2 G $2 

. _ Z is a closed subset such that Z — Z^VJ Z2 
' for some Zi G $1 and some Z2 G $2 

Note that an irreducible closed subset Z is a member of $1 U $2 if ^-nd only if one has 
either Z G $1 or Z G $2- Their meet is given by 

$1 n $2 = ; ^ e *i and Z G $2} ■ 

We sometimes regard a closed subset S" of X as the family of supports consisting of 
closed subsets of S. Hence for a closed subset S and a family of supports $, one has 
$n5' = {Z E ^ ; Z G S} , and $ U 5* is the the family of supports consisting of closed 
subsets Z such that Z\S e ^. 

For a sheaf F, one sets r$(F) ~ lim rz{F). Then one has 

r(f/; r$(F)) = |s G F{U) ; supp(s) G $| for any open subset U, 

because X is Noetherian. Then r$ is a left exact functor from Mod(^) to itself, and 
also it sends Modqc(^) to itself. It commutes with filtrant inductive limits. It is well- 
known that Tz sends injective objects of Mod(^) to injective objects. Hence, by Lemma 
3.1, the functor r$ also sends injective objects of Mod{j2/) to injective objects. Let 



$1 U $2 



T-STRUCTURES ON THE DERIVED CATEGORIES OF D-MODULES AND 0-MODULES 5 

Rr$: D'^(^/) — > D^(^/) be the right derived functor of r$. Similarly, we can define 
Rr$: D^(Zx) — ^ D^(Zx), where D'^(Zx) is the derived category of bounded complexes of 
Zx-modules. The functors Rr$ commutes with the forgetful functor D'^(^) D^(Zx)- 
For M G D*^(^), let Supp(Af) denote the family of supports consisting of closed subsets 
Z such that Z C UILi ^'^PP("^«) open subsets t/j, integers rii and G H^^{M){Ui). 
Hence, Supp(M) C $ is equivalent to saying that Rr<j,(A/)^^M. 

One sets Jt^{M) : = H''{RT<s,{M)). One has J^$"(M) ~ lim^2"(M) for any M G 
D^{^) and any integer n. ze^ 
For any M G D^^{^), one has an isomorphism ([3]) 

(3.1) Jr^"(M) ~ lim ^xe^^ {fix/ 1, M) 

I 

as ^x-niodules. Here the inductive limit is taken over coherent ideals / of iffx such that 
Supp(^x/-^) G $. Since an ^-module is quasi-coherent if and only if it is quasi-coherent 
over fix-i the functor RF^ induces a functor 

RF^:DS,K)^DS,K). 

Remark 3.2. Although one neither gives a proof nor uses it in this paper, one has 
^'^{M) ~ lim<fa;t^(,c//,c//, M). Here the inductive limit is taken over I as above. 

Hence an injective object of Modqc(=!2/) is a flabby sheaf (see Remark 7.4). 

The following lemma is obvious. 

Lemma 3.3. (i) For families of supports $ and one has RF$ o RF$/ — RF$pi$/ . 

(ii) For M, K e D^(^) with Supp(M) C one has 

HomDb(^)(M, RF^i^)^ HomDb(^)(M, K) 

and ^a;0(M, RT^K)^^xt''^{M, K) for every n. 

(iii) IfMe D^"(i;/), then RF<e.(M) G D^"(i;/) and //"(RF$(M)) = T^{H''{M)). 

(iv) For a locally closed subset Z of X and a family $ of supports, one has 

RTz o RF$ ~ RF$ o RFz. 

(v) For an open embedding j: U ^ X , one has Rj* o RF$|j^ ~ RF$ o Rj*. Here 
is the family of supports on U given by 

--^ {Z ; Z is a closed subset of U such that ^ e ^} ^ {Z nU ; Z e ^} . 

Lemma 3.4. Let M G D^{j^) and n an integer, and let $ and ^ he families of supports. 

(i) //^ C $ and RF<i,(M) G D^"(i^), then RF.i,(M) G D^"(^). 

(ii) RF<i,(M) G D^"(jy) if and only ifRTz{M) G D^"(^) for every Z G 

(iii) //RF$(M), RFv„(M) G D^"(^/), then RF$u*(M) G D^"(^). 

(iv) If M^{M)x = for any k < n and any x such that {x} G $, then RF$(M) G 
D^"(^/). 

Proof. (i) follows immediately from RF^(M) ~ RF^RF$(M), and (ii) follows from (i) 
and M'iiM) ~ lim^^(M). 
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Let US show (iii). By (i) and (ii), it is enough to show that RT ZiuZ2{M) ^ D^"(^/) for 
closed subsets Zi and Z2 such that RTz.iM), RTz^iM) e D^"(^). Since one has 

T<"Rrziuz,(M)U\Zi ^ T<"Rrz,(M)U\Zi = 0, 

the support of r^"Rr^^uZ2(^^)) is contained in Zi. In the distinguished triangle 

Rrz,{T<"'Rrz,uz,{M)) ^RTz.RTz.uzAM) -^Rrz,{T^''Rrz,uz,{M)), 

the second term is isomorphic to RTz^^iM) which belongs to D^"(£/), and the last term 
also belongs to D^"(^). Hence the first term, isomorphic to r^'^RT z^uZii^) ^ belongs to 
D^"(^), and therefore it vanishes. 

(iv) By the induction on n, one may assume that Rr$(M) e D^'*~^(=!2/). For an open 
set U and s E r(U; M'^~^(M)), set 5': = supp(s). Let us show that 5" = 0. Otherwise, 
let us take the generic point x of an irreducible component of 5*. Then one has {x} £ 
Since rs{j^^-\M)) = jr^-\M) and M's'^'^M)^ = J^i(M)^, the germ of s at x 

must vanish, which is a contradiction. □ 

A support datum is a decreasing sequence $ : —{^^}nez oi families of supports satisfying 
the following conditions: 

(3.2a) for n <^ 0, is the set of all closed subsets of X, 

(3.2b) for n > 0, is {0}. 

For a support datum $ and an integer n, let (7^"$ denote the support datum given by 



r^^nfh^fc _ / for A; ^ n, 

^ -\ {0} for k>n. 



Let T denote the support datum given by 



{all closed subsets of X} for n ^ 0, 
{0} for n>0. 

For a support datum $ = we set 

*D=S"(^) : = {M G D^(i;/) ; Supp(iJ'^(M)) C for any A;} , 

^^■^^ *D^"(^) : = (M e D^^(^) ; Rr$.(M) e T)^^+''{s^) for any A;} , 

and *D|J^(=«^) : = *D<"(^) n Db^(=(^), *D>^(^) : = *D^"(=(^) n D^^(=<^). 

Theorem 3.5. *D'^(^) : =(*D^0(^), *D^0(^/)) and *D^^(^/) : =(*D|0(^), *D|0(^/)) 
are a t-structure on D^{^) and D^^{^), respectively. 

Note that '^D^(s^) is the standard t-structure. 



Since the proof for *Dq^(^) is similar, we only give a proof for *D^(^). We divide the 
proof of the theorem into several steps. It is evident that *D^(^) satisfies the conditions 
(2.1a) and (2. Id). Let us show that it satisfies (2.1b). 

Lemma 3.6. For M e *D<°(^) and K e *D^0(^), one has 

HomDb(^)(M, K) = and ^xf^iM, K) = for n ^ 0. 
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Proof. We shall show 

(3.4)„ HomDb(^)(M, K) = ior M e *D<0(^) n D^'*(^) and K e *D^0(^) 

by the induction on n. Since *D^°(,i/) C D>"'(£/) for n <C 0, (3.4)„ is satisfied for 
n < 0. Assuming (3.4)„_i, let us show (3.4)„. One has Supp(//"(M)[-n]) C 
//"(M)[-n] e D<"(^) and RF^n+iK e D>"(^). Hence one has 

HomDb(^)(//"(M)[-n],X) ~ HomDb(^)(//"(M)[-n], Rr$n+i(X)) = 0. 

The distinguished triangle t^'^M M ^ i7"(M)[— n] induces an exact sequence 

}lomj,.^^){W\M)[-nlK) ^ HomDb(.^)(M, 7^) ^ HomDb(^) (r<"M, K). 

Since HomDb(^) (r<"M, K) = by (3.4)„_i, we obtain HomDb(^)(M, /sT) = 0. 

The proof of the second statement is similar. □ 

Hence, it remains to prove the following statement for any M e Y)^{£^): 

/g There exists a distinguished triangle M' ^ M ^ M" ^ with M' e *D<°(£/) 
^ ' ' and M" e *D^0(^). 

Proof of (3.4). For n e Z, let us consider the following statement: 

, . The property (3.4) holds if M e D''(^) satisfies Rr.i,.(M) G D^'(i:/) for any 
^ ^" i ^ n, i.e. if M e <^^"*D^0(^). 

Since every M e D^(jy) satisfies Rr<i,i(M) e D^'(^) for i < 0, it is enough to show 
(3.4)„ for every n. We shall show (3.4)„ by the descending induction on n. Note that 

(3.4) „ holds for sufficiently large n such that $"^+^ — {0}, because such an M satisfies 
M e *D>0(^). 

We shall prove (3.4)„ by assuming (3.4)„+i. Suppose that M e D^(^) satisfies 
Rr$i(M) e D^*(=e/) for any i ^ n. Let us consider a distinguished triangle 

T^"Rr$n+i (M) ^ M ^ M" ^ . 
Since Rr4,u+i(iV/) = Rr$n+iRr<E,n(M), one has Rr.3,n+i(M) G D^"(^) and 

(3.5) ^$"+i(M) ~ r$„+i(^Jt.(M)). 
Moreover one has 



Supp(//*(T^'*Rr$n+i(M))) = 



for i 7^ n, 

C ^^^^ for i = n, 



One concludes therefore that T^''RT,pn+i{M) e *D<°(^). If one shows 
(3.6) Rr$.(M") G D5^*(^) for any i ^ n + 1, 

then we can apply (3.4)„+i to M" and (3.4) is satisfied for M" . Hence Lemma 2.1 implies 
that (3.4) is satisfied for M. 

It remains to prove (3.6), i.e. iJ'^(Rr$»(M")) = for A; < i ^ n + 1. For i ^ n + 1 one 
has Rr$i(r^"Rr$n+i(M)) — r^'*Rr$n+i(M). Hence we have a long exact sequence 

(r^"Rr$n+i(M)) ^ H''+\Rr^i{M)) . 

Hence it is enough to show that ^ is surjective and rj is injective for k < i ^ n + 1. 
For k < i — n + 1, ^ is an isomorphism, and for A; < i ^ n one has H'^{Rr^i{M)) — 0. 
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The morphism rj is injective for i = n + 1, and also ior k — n — 1 < i — n hy (3.5). In 
the remaining case k < n — 1, one has if'^+^(T^"'Rr$n+i (M)) =0. □ 

This i-structure behaves as follows under the local cohomology functors and the direct 
image functors. 

Lemma 3.7. (i) For a locally closed subset Z of X, the functor RF^: D^^(^) — > 
Dq^(^/) is left exact, i.e. it sends *D^°(^/) to itself. 
(ii) Let j: U ^ X he an open set of X . Then : D^^{£/) D^^{^\ij) is exact, and 
Rj.: D\^{s^\u) ^ DJ^K) IS left exact. 

Proof, (i) follows immediately from Rr$nRr^(M) = Rr^Rr$n(M), which is a conse- 
quence of Lemma 3.3 (iii), and (ii) follows from Rr$nRj^(M) = Rj*Rr$n(M). □ 

Proposition 3.8. For an open subset U of X , let ^qc{U) he the heart ^^v'D^^{£^\u) fl 
*l£^D|°(^|[/) of the t-structure *lt^D^^(^|j/). Then, U ^ %c{U) is a stack on X. 

Proof. Since X is Noetherian, it is enough to show that, for open sets C/i, U2 with X = UiU 
U2, M12 e '^qc(t/in[/2) and Mi e '^qc(t/i) with an isomorphism (pi: Milu^nUi—^MuluinUi 

{i = 1, 2), there exist M G ^qc(X) and isomorphisms t/ji : M|;7.-^Mj (i = 1, 2) such that 
the following diagram commutes. 

M\uinU2 > -^i|(7in!72 

M2I 

UinU2 ^ ^12 

Let ji : Ui ^ X {i = 1,2) and J12 : Uir\U2 ^ X he the open embeddings, and let 

M Rji.Mi © Ri2*M2 ^^i^ Rji2*Mi2 ^ 

be a distinguished triangle. Since Rj2*M2\ui — Rii2*-/^i2|c7i is an isomorphism, M\u^ — > 
Rji*Mi|t/^ ^ Ml is an isomorphism. The commutativity of the diagram above is obvious 
by the construction. □ 

Let us remark that (*D|°(=g/) n D^^{^),^D>°{^) n D^„i^(=g/)) is not necessarily a 
i-structure on D^^^{.{^) (see Example 5.1 and Example 6.1). In the coherent case, the 
proof of Theorem 3.5 fails, because Rr$ does not respect coherency. 

4. The dual standard t-structure on G^i,{^x) 

In the sequel, we assume that X is a finite-dimensional regular Noetherian separated 
scheme. Let us denote by & the support datum given by 

(4:1) {Z ; Z is a, closed subset of X such that codimZ ^ d} 

^ ' ' — {Z ; Z is a, closed subset of X such that dim ^x,x ^ d for any x e Z} . 

One has 

®Dj°(=<^) : = {M e D5,(^) ; Supp(//"(M)) C for every n ^ O} , 

®D^°(^/) : = |m e D^°(=c/) ; -^zi^) = for any closed subset Z^ 
^'^ ' \ qc ' ^ ^ codimZ i 
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Proposition 4.1. Let Z be a locally closed subset of X. Then RF^: Y)^^{s^) Dq^(^/) 
is an exact functor with respect to the t-structure ®Dqj,(=2/). 

Proof. It is already proved that RF^ is left exact. Let us prove that it is right exact, i.e. 
it sends ®D|?(£/) into itself. 

We shall first prove it when Z is closed. We may assume that X is afhne. Writing 
Z = nr=i/-i(0) with /, G V{X-ffx), and using RF^ = RF;-i(o) o RV ^^^^^-.^^^^ the 
induction on n reduces to the case Z = /^^(O) for some / G T{X; Gx)- By devissage, it 
is enough to prove that Supp(.^^(F[— d])) C 6*^ for any k and F G Modqc(^) satisfying 
Supp(F) C S*^. Since commutes with filtrant inductive limits, wc may assume that 
F is coherent. Set 5: = Supp(F) G Q"^. One has ^i(F) = for k ^ 0, 1. Since 
^i{F) C F, one has Supp(^i'(F)) C Supp(F) G Q'^. We can divide S = S^\^ with 
closed subsets S\ and S2 such that 5*1 C /^^(O) and codim(5'2 fl /~^(0)) > d. Then on 
has Supp(jri(F)) C ,S2 e e''+^ 

For a locally closed Z, let us show RFz(M) G ®D|°(^) for any M G ®D|P(^). 
Writing Z — Zx\Z2 with closed Z2 C C X, by the distinguished triangle 

RFz2(M) ^ RFz,(M) ^ RFz(M) 

the desired result RVz{M) G ®DjO(^) follows from RF2,(M)[1], RFz,(M) G ®DjO(^). 

□ 

Proposition 4.2. Letj: U ^ X be an open embedding. ThenRj^: D^^{^\u) — > D^^{^) 
is exact with respect to the t-structures ^D^^{j^) and ^D^^{^\u). 

Proof. Since the left exactitude has been proved, let us show that Rj* sends ^D^^{j2/\u) to 
®D^°(^). Let us denote by ®r^° the truncation functor with respect to the t-structure 
®D5^(jy). For N G ®Dj°(^|c/), one has j'^i^T^^Rj^N) ~ N, and hence Rj^N ~ 
RTui^T^^Rj^N) belongs to ®D|0(i:/) by Proposition 4.L □ 

In the rest of this section, we treat the case where ^ = Gx- Set 

^Dc1.h(^x): = ^DjVx)nDU^x) and ^D^fj^^) : = ^DJVx) n D^^x) , 

and ^T>l^^{ex) : =(^Df,(^^), ^Dfj^^)). 

Proposition 4.3. (i) The pair '^D^^{^x) is a t-structure on D^^^{^x)- 
(ii) The equivalence of triangulated categories 

sends (Df,(^^),Df„°(^^)) to (^Df„° «Df,(^;,)°P). 

Remark 4.4. In [6, Exercise X.2] and Theorem 5.9, more general results are given. 

Proof. By Lemma 2.2, it is enough to show that the functor RM'ome^{—, x) sends 
Dfoh(^x) and Dj.° (^x) to ^dJ.° (^x) and ^Ofj^x), respectively. 
First assume that M G D^fh(^x). Then one has 

RVedRM'omff^iM, &x) ^ RM'ome^{M,RV Qd{&x))- 
Since RFe<i(^x) e Djf(^x), one has RFgdR jrom^^(M, ^x) e Djc'^(^x). 

Next assume M G DJ,°(^x), and set 5 : = Supp(i/'^(R Jfbm^^(M, ^x)))- For x G 
5", one has i?'^(R J^om^^(M, ^x))a; ^ Ext^^ JM^, ^x,a;) + 0. Since the homological 
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dimension of &x,x is equal to dim &x,xi one has d ^ dim &x,x- Hence one concludes that 

,5 e e'^. ' ' ' □ 

The category '^\y^{^&x) is described by a more familiar notion: flatness. 

Definition 4.5. An object ofD^{^x) is called with flat dimension ^0 if it is isomorphic 
to a bounded complex M' of fiat i^x -modules such that M" = for n < 0. 

Proposition 4.6. For M e D^^{^x), the following conditions are equivalent. 

(i) Me^D^Vx). 

(ii) M is of flat dimension ^ 0. 

(iii) For any coherent ^x-module F, one has F ®ff^ M e Y)^^{&x)- 

(iv) For any N e Dj°(^x), one has N |)^^ M e Dj°(^x)- 
Proof. The equivalence (ii) — (iv) is more or less well-known. 

(iv)^ (i) For every n ^ 0, one has Rrgn(i^^) G D^J^(^x). Hence (iv) implies that 
Rren(M) ~ Rren(^x) <l^x M belongs to D^^{^x)- 

(i)=^ (iii) For a coherent ^x-module F, set N = RJ^omff^{F, &x) e ®D|°(^x). Then 
one has F (g)^^ M ~ RJ^om^^ {N, M) e Df °(^x). □ 

Remark 4.7. Let : = ®D|!'(^x)n®D|0(^x) be the heart of the t-structure ®Dj;^(^x), 
and let ^coh '■ = '^qcnD|?pj^(^x) be the heart of the t-structure '^D^-^{&x)- The abelian cat- 
egory ^coh is equivalent to Modcoh(^x)°^- It is well-known that the category Modqc(^x) 
is equivalent to the category Ind(Modcoh(i^x)) of ind-objects of the category of coherent 
modules. 1 conjecture that '^qc is equivalent to Ind('^coh) — (Pro(Modcoh(^x)))°^- Here 
Pro means the category of pro-objects. 



5. T- STRUCTURES ON D^^,jj(^) 

For a support datum one sets 

^Dfj^x) = *Dqf (^x) n D^„,(^x) and *D,f,(£?;,) = *D|"(^;,) n D^„,(^x), 

and *Dj?,h(^x):=(*D^^„°(^x),*Df„°(^x)). As seen in the example below, *Db„h(^x) 
is not necessarily a t-structure on DJ?qj^(^x)- In this section, we give a criterian for 
*D|?„h(^x) to be a t-structure on Vi^^^{&x)- 

For an integer n and M e D^^(=(^), we denote by *//"(M) e *D|°(=<^) n *D|°(=<^) the 
n-th cohomology with respect to the ^-structure *Dqj,(=2/). 

Example 5.1. Let A; be a field, and A — k[x\ with an indeterminate x. Let X = Spec(A) 
be the hue. Set 

[ e° for i ^ 0, 
¥ 6^ for i = 1, 2, 
\ {0} for i ^ 3. 
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Then, the corresponding ^-structure on D^^{i^x) is given by: 

(5.1a) XcVx) - lMeDSii^.)-Ji^-^H'iM)} --d^i^-^H'im, 
^ I ^ are torsion ^-modules J 

(5.1b) *Dj°(^x) = {MGDj°(^x);Rrei(M)GD|^(^x)}. 

Let ^: = *D|°(^x) H *D|°(^x) be the heart of this t-structure. Since any object of 
D^^((^x) has a form ©M„[-n] with M„ G Mod^d^x), one has 

= {L © M[— 2] ; L is a vector space over k{x) and M is a torsion A; [a;] -module} . 

Here and in the rest of this example, we confuse A-modules and quasi- coherent 
modules. Since Hom^(L, M[-2]) = Hom^(M[-2], L) = for such an L and M, the 
abehan category ^ is the direct sum of Mod{k{x)) and the abelian category Modtor(^N) 
of torsion A;[a;]-modules. 

Let K G Mod(i^x) be the sheaf of rational functions. Then K and (i^/^x)[— 2] belong 
to Hence the distinguished triangle 

implies 

r {K/^x)[-2] forn = -l, 

'^H^'i^x) = { K forn = 0, 

[ forn 7^ -1, 0. 

Hence, (*D|0(^x) n D^„h(^x), "^^^{^x) n Dj?„J^x)) is not a t-structure on B^^^^{^x). 

The categories D^('^) and Dq^(^x) are not equivalent as categories. Indeed, the object 
K C D''(^) is a non-zero object of D^{'t^) such that any non-zero morphism W ^ K 
in D'^(^) has a section. However there is no object of Dq^(^x) with such properties. If 
M G Dq^(^x) has such properties, then, since Hom]3b^(^^-)(^xM) ^) 7^ for some n, M 
must be a direct summand of i^xW- Since Endj3b^(^^)(i^xM) — k[x\ does not have a 
non trivial idempotent, M must be isomorphic to &x[n]. However, x: Gx\p\ &x\p\ is 
a non-zero morphism but not an epimorphism. 

In [7], Y. T. Siu and G. Trautmann studied the vanishing and the coherency of local 
cohomologies. Although they discussed in the analytic framework, their main results, in 
our context, may be stated as follows. Let M G Modcoh(^x), a closed subset of X and 
n an integer. Then one has 

(i) jri{M) = for any A; < n 

codim(Z n Supp(^a;4^(M, ^x))) ^ k + n ior any k. 

(ii) J^zi^) is coherent for any k < n 

^ codim (^Z n Supp(^,xt^^(M, ^x)) n (X \ Z)) ^k + n for any k. 

We shall generalize these statements to the derived category case. 

We keep the notation: X is a finite-dimensional regular Noetherian separated scheme. 

For M G D^„h(^x), let us denote by M* its dual: M* : ^RJ^om^^iM, &x)- 

Proposition 5.2. Let M G V)Uy&x)- 

(i) For an integer n and a dosed subset Z of X, BTz{M) G D^"(^x) if md only if 
codim(Z n Supp(i/*^(M*)) ^ k + n for any k. 
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(ii) For an integer n and a family of supports ^, Rr$(M) e D^"(^x) if o-n-d only if 



$ n Supp(i/*^(M*)) C 6^=+" for every k. 
Proof, (ii) is a consequence of (i). Let us show (i). RTz{M) e D^"(^x) if and only if 
(5.2) RJ^om{F, M) e "D^^i&x) 

for any F e Modcoh(^x) with Supp(F) C Z. Since {RJ^om{F, M))* = F M*, (5.2) 

L 

is equivalent to Supp(if (F M*)) C for every /c by Proposition 4.3 (ii). The 

last condition is equivalent to Z fl Supp(i?'^(M*)) C by the lemma below. □ 

Lemma 5.3. Let M e D^^^{^x) and Z, S dosed subsets. Then the following conditions 
are equivalent. 

(i) Z n Supp(T^OM) C S. 

(ii) Supp(r^°(F M)) C S for any F e Modcoh(^x) with Supp(F) C Z. 

Proof (i)^(ii) For A; ^ 0, an exact sequence H''{F |)^^ t<*^M) H''{F M) 
H^{F T>^M) and H^{F t<^M) = implies 

Supp(iJ'=(F M)) C Supp(/7'=(F r^'^M) C Supp(F) n Supp(r^'^M) C S. 

(ii)^(i) Let x G Z n Supp (r^°M). Take the largest A; ^ such that x E Supp(if''(M)). 
If one chooses a coherent ^x-modulc F with Supp(F) = Z, then F^ ^ and H^{M)x 7^ 0, 
which implies that F^ ®ffxx H^{^^)x 7^ 0. On the other hand, one has 

H\F d^, M), ~ H\F, d^,,, M,) ~ (8)^^_^ //'^(M),. 

, L 

Hence one obtains x e Supp(if''(F M)) C 5". □ 

Proposition 5.4. Lef M G DJ?qJj(i^x); ^ 0, family of supports and n an integer. Then, 
r<"(Rr$(M)) G D^^^{^x) if and only if Supp{H\M*)) C $ U ^^+" /or an?/ k. Here 
is t/ie family of supports consisting of closed subsets Z such that $ fl Z C G'^ . 

Proof. Assume first M' : = r^"'(Rr$(M)) G D^^^^ii^x)- Let us complete the morphism 
M' ^ M to a distinguished triangle M' ^ M M" Since one has Rr$(M") G 

DlJ'('^x), Proposition 5.2 implies that Supp(i/'^'(M"*)) C ^''+" for every A;. The distin- 
guished triangle M"* M* ^ M'* implies that Supp(i/'=(M*)) C Supp{H''{M'*)) U 
Supp(ii'*^(M"*)). Since Supp(ii'*=(M'*)) C $ and Supp(ii'*=(M"*)) C we obtain 

SuppIh'^Im*)) c $U*'=+". 

Conversely, assuming that Supp(i7'^(M*)) C $ U ^'^^^ for every k, wc shall prove 
r<"(Rr$(M)) G D|?„ij((^x). By devissage, one may assume that M* = F[-k] for F G 
Modcoh(^x) with Supp(F) C $ U ^^+'". Then there is an exact sequence ^ F' ^ F ^ 
F" with F', F" G Modcoh(^x) sucth that Supp(F') c and Supp(F") c $. Set 
M' : =(F'[-A;])* and M" : =(F"[-A;])*. Then Rr$(M') G Dj*(^x) by Proposition 5.2. 

Since Rr$(M") ~ M", one has a distingushed triangle M" Rr$(M) Rr$(M') 
Since T<'*Rr$(M') = 0, one has T<'^Rr$(M) ~ t<'^M" G D^^^l^x). □ 
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It is sometimes convenient to use Z-valued functions on X instead of support data. 
We say that a bounded Z-valued function p on X is a supporting function if p{y) ^ p{x) 
whenever y e {x}. 

Lemma 5.5. By the following correspondence, the set of support data is isomorphic to the 
set of supporting functions. To a support datum $, one associates the supporting function 

p$ given by p^{x) : = max |n G Z ; {x} e $"| . 

Conversely, to a supporting function p on X , one associates the support datum given 
by = {Z ; Z is a closed subset such that p{z) ^ n for any z E Z}. 

This lemma immediately follows from the fact that any closed subset is a union of 
finitely many irreducible closed subsets and that any irreducible subset has a generic 
point. 

One has 

Pj{x) =0, P^n^{x) = mm{p^{x),pq,{x)), 

Pe{x) = codim({a;}) = dim((^x,a:), P$u*(a;) = max(p$(x),p^(a;)). 

Pa^n^{x) ^ mm{p^{x),n), 

For two support data $ and ^, we define the support datum $ o ^ by 
(5.3) ($o*)"= y {¥r]¥) 

n=i+j 

Note that o is commutative and associative, and T is the unit with respect to o: To$ = 
$ for every $. 

The following lemma is obvious. 

Lemma 5.6. Let $ and ^' be support data. 

(i) one has 

n=i+j n+l=i+j 

(ii) Let Z be an irreducible closed subset of X such that Z e and Z ^ $"+^ . Then 
Z e"^^ if and only Z G ($ o *)«+^ 

(in) p^o^{x) — p^{x) + p^{x) for any x E X. 

Proof, (iii) is obvious. Let us show (i) and (ii). The inclusion Un=i+j(^* ^ 
nn+i=j+j(^' U ^■') is obvious. Hence it is enough to show that for any irreducible closed 
subset Z, the conditions Z G Z ^ $"+^ and Z G na+6+i=i+j(*' ^ ™Ply ^ ^ 
Since Z G $"+^ U one obtains Z e^^^. □ 

Lemma 5.7. Let and ^2 three support data. 

(i) $ o (vl/^ n VI/2) = ($ o n ($ o VI/2) and $ o (*i U ^2) = ($ o *i) U ($ o ^2)- 

(ii) // $ o c $ o \[/2, t/ien one /las ^'i C ^2- 

(iii) // $ o = $ o ^^2, then one has = ^'2- 

Proof, (i) is obvious, (ii) follows from Lemma 5.6 (iii), since C ^^2 if said only if 
P^i{x) ^ P^2{^) fo'^ every x E X. (iii) is an immediate consequence of (ii). □ 
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Lemma 5.8. Let $ and Q be a pair of support data. For an integer a, set 

: = IZ ; Z Z5 a closed subset such that n Z C. for every k] , 
•.^{Z; Z is a closed subset such that n Z C 0^=+" for every A; ^ a} 

= {z e ; n z c 6"+"} . 

and ^ : ={*"}„gz, : ={*:}n6Z. 

(i) and "if a support data, and p^{x) — min |pg(z/) ~ P^iv) '■> U ^ {^}|- 

(ii) // a support datum ^' satisfies $ o \[>' = 0, then = 

(iii) There exists a support datum \E'' such that $ o ^' = © if and only if ^ P^iv) ~ 
p<i>{x) ^ Pe{y) ~ Pe{^-) whenever y G {x}. 

(iv) //$ o M/ = 0^ ^/len one has (a^"$) o v]/^ = ^or ewerj/ integer a. 

(v) Assume that $ o = 0. T/ien one /las (^'a-i)" C U /or every n. 

(vi) Assume that (*a_i)" C U for every a and n. Then $ o = 0. 

Proof, (i) is obvious. 

(ii) One has C * and $ o * c 0. Hence 

= $o*'c$o*C0. 
Hence $ o ^' = $ o ^ and Lemma 5.7 (iii) implies ^' = ^f. 

(iii) is obvious. 

(iv) We shall apply (iii) and (ii). If y G {x}, then one has 

Pc^'^^iv) -Pa^a^{x) = min(p$(y),a) - min(p$(x), a) ^ p^{y) - p^{x) ^ Pe{y) -pe{x). 
Here the first inequality follows from p^{y) ^ p^{x). 

(v) Let Z e (^a_i)" be an irreducible closed subset. We shall show that ii Z ^ then 
Z G Let us take an integer i such that Z G and Z ^ Then one has i < a. 
Since Z G (^a-i)'', one has Z = n Z C 0*+" = ($ o ^)^+". Hence Z G 

(vi) Let Z G 0" be an irreducible closed subset. Let us show Z G ($ o ^)". Take an 
integer i such that Z G and Z $*+^. Let us show Z G Since = * for 
a ^ 0. it is enough to show Z G (^a)" * for every a. We shall show it by the induction 
on a. It is obvious that Z G (\E'a)"~* for a <C 0. Assuming that Z G (\E'a_i)"^*, let us 
show Z G {^aT~'- Since Z G (*a-i)""' C U (*a)""N we may assume that Z G 
which implies a ^ i. Therefore one has n Z = Z G 0" C 0"-»+«. Together with 
Z G (*„_l)"-^ one obtains Z G (*a)""^ □ 

For a support datum let denote the support datum given by 

(5.4) : = {Z ; Z is a closed subset such that Z n C 6"+'' for every /c} . 

Now we are ready to give a criterian for *D^^j^(^x) to be a i-structure, which is a 
generalization of [6, Exercise X.2]. 

Theorem 5.9. Let ^ be a support datum. Then the following conditions are equivalent. 

(i) ^D^^^{^x) is a t-structure. 

(ii) For any irreducible closed subsets Z and S such that S <Z Z and S G , one has 
Z G ,|)fc+codim(z)-codim(5) _ tcrms of Supporting functions, one has 

-P^{x) ^ codim({y}) - codim({a;}) = dim{^x,y) - dim(^x,x) if V e {x}. 

(iii) $ o = 6. 
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(iv) There exists a support datum such that $ o ^ = (3. 

(v) ((7<"$)^ C U (a-^"$)**^ for every n and every k. 
Moreover if these conditions are satisfied, the equivalence 

sends the t-structure *Dj?„i^(^x) to **D|?„h(^x)°P. 

Proof. The last statement easily follows from Proposition 5.2. The equivalence of (ii) — (v) 
is already shown. 

Let us show (v)^ (i). The proof is similar to the one of Theorem 3.5. It is enough to 
show that any M e D^^{^x) satisfies the following property: 

r\ There exists a distinguished triangle M' — > M — > M" with 

^ - ' M'e *D<o (^x) and M" e *Df,(^x). 

For n e Z, let us consider the following statement: 

(5.5)„ The property (5.5) holds if M e ^^"*dJ,° (^x)- 

We shall prove (5.5)„ by assuming (5.5)n+i. Let us consider a distinguished triangle 

T^"Rr$n+i(M) ^ M ^ M" ^ . 

In the course of the proof of Theorem 3.5, we have proved that T^"Rr$«+i(M) = 
J^"„+i(M)[-n] e *D<0(^x) and M" e '^^"+'*DjO(^x). Hence it is enough to show 

that J^^„+i{M) is coherent. Since J^^^{M) = for i < k ^ n, Proposition 5.2 implies 
that Supp(iJ*(M*)) n C 6''+* for every k and i. Hence one has Supp(iJ*(M*)) G 
(cr=^"$)^* for every i. Since (cr^"$)** C U (cr^"+^$)**, Proposition 5.4 implies that 

M'^ri+iiM) is coherent for every i <n-\-l. 

Let us show that (i) imphes (ii). In order to see this, it is enough to show that the 
following situation cannot happen: 

Z is an irreducible closed subset of X and S is an irreducible closed subset of Z 
with codimension 1 such that Z G Z ^ and 5 G with h> a + l. 

Set M = &z\-a\ G *D^^°^((^x)- Here 0'z is the structure sheaf of Z endowed with the 
reduced scheme structure. Let 

M' ^M" ^ 

be a distinguished triangle with M' G *D<° (^x) and M" G *D^^° (i^x)- Then one has 
Supp(M") C Z, and hence M" = Rr$a(M") G dJ^(^x), which implies M' G dJ^(^x). 
The exact sequence H"-{M') ^z, along with Supp(iJ"(M')) G implies that 

H"-{M') = 0. Hence one has M' G D>'^(^x)- On the other hand, one has the exact 
sequence 

j^a+i(M') ^ ^/+i(M) ^ ^/+i(M"). 
Since Rr5(M") G D|^(^x), one has M'^+^M") = 0. Since M' G D>"h(^x), one has 
jr/+^(M') = rs(if"+i(M')), which is a coherent ^x-module. Hence J^"+^(M) = 
M'gi&z) is a coherent ^x-module. This is a contradiction. The last step follows from 
either Proposition 5.4 or the following easy lemma, whose proof is omitted. □ 

Lemma 5.10. Let A he a \- dimensional Noetherian local ring with a maximal ideal m. 
Then H^{A) is not a finitely generated A-module. 
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6. T-STRUCTURE ON D^^{^x) AND D}^qi(^x) 

In the sequel, we shall treat the case ^ = S^. Let X be an algebraic manifold over 
a field k of characteristic 0, i.e. a quasi-compact separated scheme smooth over k. Let 
be the sheaf of differential operators on X. Let us denote by D^^(^x) the derived 
category of bounded complexes of ^x-niodules with quasi-coherent cohomologies. Let 
us denote by D^^^{^x), ^hoii^x), D]?[j(^x) the full subcategories of D^^{^x) consisting 
of bounded complexes with coherent, holonomic, regular holonomic ^x-modules as co- 
homologies, respectively. For a morphism f : X Y of algebraic manifolds, we denote 
by D/*: D^,(^y) ^ I^^d^x) and D/,: B^^i^x) ^ Dqc(^y) the inverse image and the 
direct image functors (sec e.g. [5]). Note that they respect D^^^ and D^j^. 

Let us define a t-structure on D^^{!^x) as follows. 

(6-1) eT.>o 



D^^i^x) = {M e Bl^i^x) ; Supp(iJ"(M)) C 6" for every n} , 
D|°(^x) = {Me B^^i^x) ; RTeAM) e D>«(^x) for every n} . 



It is indeed a t-structure by Theorem 3.5. Let %c = ®D|°(^x) n ®D|°(^x) be its heart. 

We note that (®D|0(^x) n D^^^{^x), ®D|0(^x) n D|?„i^(^x)) is not a t-structure on 
Dcoh(^x) (when dimX > 1), as seen in the following example. 

Example 6.1. Set X = Spec{C[x,y]) and Y = Spec(C[t]) with indeterminates x, y and 
t. Set t = f{x, y):=xy: X ^Y. Set : = &x / ^x{xd^-ydy) and ^ : = Note that 
^ &x ^ ®'Z-o^xVn with Vn = Ix-^Y <S> as an ^x-module. The defining 

relations of {vn}nei>o ^ ^ ^x-module are 

dxVn = yVn+1 and dyVn = XVn+l- 

Hence ,yV e ^qc- One has a morphism ^ — > ^ by lmod^x(.^5a: — i-^ vq- Set 
£! = Cez>o ^ Then one has ^{o}\x®cE[-2] e "^qc. There is an exact sequence 

in Mod(^x)- Here g is given by 

where 5 e ^{o}|x is the generator with the defining relations x5 — yS — 0. Hence one has 
a distinguished triangle ^{o}\x ®c -E'[~2][l] ^ . Thus we obtain 

f =f^{o}|x ®c ^[-2] forn = -l, 
®//"(^) = i ^ forn = 0, 

[ forn -1, 0. 

Since ^{o}|x is not coherent, (®D<0(^x) n D^^J^^), ®D|0(^x) n D^^J^^)) is not 
a t-structure on D|?^h(^x)- Note that one has J^^i{^) = and ^g2(-#) ^ e^{o}|x <8)c-E. 

Let us denote by ^D^f °(^x) : = ®Df "(^x) n D{j„i(^x) and ®D^°i(^x) : = ®D|0(^x) fl 
Dhoi(^x). Similarly we define ®Df (^x) and ^Bf^{^x)- 

Theorem 6.2. (®Dif°(^x), ®Dif°(^x)) and (®Df^(^x), ®Dfh°(^x)) are a t-structure on 
^hoii^x) andD^^{^x), respectively. 
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Proof. In order to show that (®D^°(^x), ®D^°(^jt)) is a i-structure on Dl^^{^x), it is 
enough to show that, for any any ^ e D^qj(^x), there exists a distinguished triangle 

J{' ^J{" ^ with J{' e ®D<0(^x) and J{" e ®D^°(^x). 

Let us show this by the induction on the codimension c? of S*: = Supp(^). One has 

t'^'^JI G ®D{^°[(^x)- By the distinguished triangle t'^'^J^ ^ ^ r^'^^ we may 
assume that ^ ~ t^'^^ by Lemma 2.1. 

Let Sq be a d-codimensional smooth open subset of 5" such that S\: — S\Sq is of 
codimension > d. Set U : — X\S\. Then one has Sq — UnS. Let j: U ^ X and i: Sq^ 
U be the open embedding and the closed embedding, respectively. Then there exists 
t/F G D^^^{^So) such that .^\u is isomorphic to Di*^. By shrinking 5*0 if necessary, 
we may assume that the cohomologies of ^ are locally free ^^Q-modules. Hence Di^^ 
belongs to ®D^°(^[;). Hence ^": = Rj;Di^^ belongs to ®D^°(^x) by Lemma 3.7. 
Let us consider a distinguished triangle 

Since Supp(^') C -^i, the codimension of Supp(^') is greater than d. Then the induction 
proceeds by Lemma 2.1. 

The regular holonomic case is proved similarly, because the regular holonomicity is also 

preserved by the direct image functors. □ 

Remark 6.3. By Proposition 3.8, V ^ ®DP(^[/)n®D^°(^[7) is a stack on X for * = qc, 
hoi, rh. 

For a closed point a; G X, let us denote by ^x\x the regular holonomic ^x-module 

Proposition 6.4. For ^ G D{^qj(^x); the following conditions are equivalent. 

(i) .^G^Dgl(^x). 

(ii) ^ is of flat dimension ^0 as a complex of i)'x -modules. 

(iii) For any closed subset Z of X, one has J^(^) = for any i < codimZ. 

(iv) For any locally closed subset Z of X , one has J^^{^) = for any i < codimZ. 

(v) ExV^^{^x\x, = for any closed point x & X and i < dimX. 

L 

(vi) H^(kx ®ex = for any closed point x E X and i < 0. Here kj, is the sheaf 
^xl'^x with the ideal of functions vanishing at x. 

Proof. The equivalence of (i) — (iv) arc evident. Since R J^omr^^ — k-j, (8)^^ 

dimX], the implication (i)=^ (v) and the equivalence (v)<^=^(vi) are evident. 
It remains to prove (vi)^ (i). Let us assume that ^ satisfies (vi). Let us show 
^ G ®D^°j(^x) by the induction on the codimension d oi S : = Supp(^). Let 5*0 be a 
d-codimensional smooth open subset of S such that Si ■. — S\So is of codimension > d. Let 
i: ^0 ^ X be the inclusion. Then there exists ^ G D^^^{^So) such that ^ is isomorphic 
to Jl)i^,yV on a neighborhood of Sq. By shrinking Sq if necessary, we may assume that the 
cohomologies of ,yV are locally free ^^^-modules. Then k^^ .yV ~ k^^ ®ex -^[d^-, and 
hence one has H''^^)^ = for any k < d and any closed point x of Sq. Therefore, ^ G 
D^'^(^5o) and ^" : = Di*^ ~ RTs^^ belongs to ®D^°(^x). Consider a distinguished 
triangle 
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The exact sequence ^(k^. ®ff^ J^") H'^Ck^ ®ffx *^') ~^ H^(}^x ®ffx implies 

that H^'iK ®ffx ■^') = for A; < 0. Since codim Supp(^') > rf, the induction hypothesis 
imphes that e ®Dj^°(^x)- Hence one concludes that ^ E ®Dj^°(^x)- □ 

Let us assume that the base field k is the complex number field C, and let us denote by 
the associated complex manifold. Let us denote by L)c(Cxan) the derived category of 
bounded complexes of Cx^n-modules with constructible cohomologies. 

Theorem 6.5. The equivalence of triangulated categories 

Solx : = RJ^om^, (-, ^xj : D,\(^^)^D,^(Cx.J°p 

sends the t-structure (®Df (^x), ®Df (^x)) to (Df (Cx.J°p, Df (Cx.J°p). 

Proof. Since R J^om;^^(— , ^Xan) i^ equivalence of triangulated categories, it is enough 
to show that G B'^^^.i^x) belongs to ®D^^°(^x) if and only if RM'om^^i^, ^x^J 
belongs to D^°(Cxan)- This immediately follows from Proposition 6.4 and 

R Jfbm®^(^, ^Xan)a; ^ Homc(C^ ^ '^)- 

□ 

7. Proof of Lemma 3.1 

In this section, we give a proof of Lemma 3.1. 

Lemma 7.1. Let ^ he a coherent -module, and ,JV a [not necessarily coherent) - 
submodule of ^ , and Z a closed subset of X . Then, for the generic point C, of any 
irreducible component of Z, there exist a coherent -submodule ^ of ^ and an open 
neighborhood U of ^ such that 

^\u = {^x\z + ^)\u- 

Proof. Assume first that X is affine. Set R = ffx{X), A = £/{X), M = Jl[X). Let 
L C M be the inverse image of JY^ by the morphism M — > Then L is a finitely 

generated A- module. Let be the coherent -module associated with L: ^ -. — s/^ ®a 
L ~ 0'x ®R L. Then one has = =5f^. Hence there exists an open neighborhood U of 
^ such that C We may assume further that U r\ Z = U r\ {^}. Let us show 

that = {,yVx\z + ■^)\u- It is evident that the last member is contained in the first. 

We shall prove the opposite inclusion. Let V be an affine open subset contained in U . 
Then ^{V) = ^xiV) ®r M. Let Ny be the inverse image of ^{V) by the morphism 
M Jl(y). Then one has ,^{y) = ^x{V) (8)r Ny. 
Assume first i eV . Then by the commutative diagram 

Nv > ^{V) > ^ 

M > Jiiy) > 

Nv is contained in L. Hence ^{V) ~ ^xiV) ®r Ny C ffx{V) ®r L ^{V). If i is 
not contained in V, then one has V <Z X\Z, and hence ^{V) C {^x\z)(y)- Hence one 
obtains C {^x\z + ^)\u- 
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In the general case, let us take an affine open subset W oi X containing ^. Then it 
is enough to remark that any coherent ^|t^-sub module of can be extended to a 

coherent ^-submodule of Note that a quasi-coherent =<2/-submodule of a coherent 
i2/-module is coherent. □ 

The next lemma is not used in this paper. 

Lemma 7.2. Let ^ he a coherent -module, and JV a {not necessarily coherent) - 
suhmodule of ^ . Then, there exist finite families of open subsets Ui of X and coherent 
-submodules of ^ such that 

i 

Proof. Let W be the set of open subsets W oiX such that there exist finite families of open 

subsets Ui of W and coherent j^-submodules .^^j of such that yy\w = {^i{-'^i)ui)\w- 
Since X is Noetherian, W has a maximal element. Let W be such a maximal element. 
Assuming that 7^ X, let us derive a contradiction. Let ^ be the generic point of an 
irreducible component of X \ W. Then by Lemma 7.1, there exist an open neighborhood 
U oi ^ and a coherent =2/-submodule =5f such that — {^^w -\- ■^)\u- Hence one has 

'^\wuu — (^ii^i)ui + -^u^ \wuu- This contradicts the choice of W. □ 
The following lemma, an analogue of [2], is a corollary of Lemma 7.1, 

Lemma 7.3. Let ^ he an -module. Then the following conditions are equivalent. 

(i) ^ is an injective -module. 

(ii) For any coherent -module ^ , one has S'xt]^{^, ^) — and Jifom^{^ , ^) is 
a flabby sheaf. 

Proof. (i)=^(ii) is well-known. Let us show (ii)=^(i). In order to see that ^ is injective, 
it is enough to show that for any left ideal of ^ with ^ ^ and a morphism 
tp: ^ ^ there exists a left ideal strictly containing ,^ such that (p extends to a 
morphism J^' — > ^ . Let Z = Supp(=e/ /J^) 7^ 0, and let ^ be the generic point of an 
irreducible component of Z. Then by Lemma 7.1, there exist a neighborhood U oi ^ and 
a coherent left ideal ^ oi of such that J\u = {^x\z + J)\u- Set J" ^ J ^ s^u ^ J . 
The exact sequence — > — > J^' — > (=2/ / ^)znc/ — induces an exact sequence 

Hom^(j^',^) ^ Hom^(j^,^) ^ Ext^((=e//^)znc/, 
Here the last term vanishes by the assumptions: 

Ext^((^/^)znc/,^) = E\^^{U-^^om^{s^ I / ,Jl)) 

= E\^^{U-M'om^{s^lJ,Jl))^^. 
Therefore, the morphism Lp: J' ^ ^ extends to a morphism J'' — > ^ . □ 

Proof of Lemma 3.1. Let be a filtrant inductive family of injective ^-modules, 

and ^ — lim^j. For any coherent ^-module one has 

Sxt]^{^,J^)c^\^Sxt^^{^,J^i), 

i 

and the condition (ii) in the lemma above is satisfied. Note that any filtrant inductive 
hmit of fiabby sheaves on a Noetherian scheme is fiabby. □ 
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Remark 7.4. Let jY be coherent =e/-modules, and Z a closed subset of X. When 

is commutative, an injective object of Modqc(=«2/) is an injective object of Mod(£/), 
and Hom£)b^(-^-)(^, Rr^(^)[n]) is calculated by iJ"(Hom,(^(./#, Tzi-y ))) for an injective 
resolution J^* of ^ in Modqc(£/). But it is not true in general. Any injective object of 
Modqc(=2/) is a flabby sheaf (cf. Reamark 3.2), and Tz{J^*) certainly calculates RTz{^). 
But y* is not necessarily a complex of injective objects of Mod(^), and the functor Tz 
does not send injective objects of Modqc(£/) to injective objects of Modqc(^). 

For example, take X = Spec(C[x]), ^ = and ^ = ^x/^xd^c, Z ^{0}. Then one 
has by Hilbert's Nullstellensatz 

Hom^(^,rz(^)) ~ limHom^(^x/(^xa^ + ^xx''),^) = 

n>0 

for any ^ e Modqc(=e/), but one has Homob (^■)(^, Rr2(^)[2]) ~ C. 
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